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GALOIS SUBSPACES FOR THE RATIONAL NORMAL
CURVE
ROBERT AUFFARTH AND SEBASTIA´N RAHAUSEN
Abstract. We characterize all (n− 2)-dimensional linear subspaces of Pn
such that the induced linear projection, when restricted to the rational nor-
mal curve, gives a Galois morphism. We give an explicit description of these
spaces as a disjoint union of locally closed subvarieties in the Grassmannian
G(n− 2, n).
1. Introduction
Given an embedding X →֒ Pn of a d-dimensional smooth projective variety
into projective space and a linear subspace W ∈ G(n− d− 1, n), it is natural
to ask about the monodromy of the linear projection π : X 99K Pd from X
with center W , and in particular if it induces a Galois extension of function
fields. The monodromy of linear projections from varieties embedded in pro-
jective space has been the focus of several articles (see for example [Cuk99]
and [PS05]), and in the last decade the question of when a linear projection is
Galois has been intensely studied under the name of Galois embeddings.
The formal definition of Galois embedding was introduced by Yoshihara in
[Yos07]. We recall that if X is a smooth projective variety of dimension d
and D is a very ample divisor on X that induces an embedding ϕD : X →
Pn, then the embedding is said to be Galois if there exists a linear subspace
W ∈ G(n − d − 1, n) such that W ∩ ϕD(X) = ∅ and the linear projection
πW : P
n
99K P
d defined byW restricts to a morphism π : X → Pd that induces
a Galois extension of function fields π∗(k(Pd)) ⊆ k(X). The calculation of
Galois subspaces for different varieties has been an object of interest in the past
few years, and especially in the case of curves and abelian varieties. See, for
instance, [Auf17], [Cuk99], [PS05], [Tak16], [Yos07] and the references therein.
The purpose of this article is to classify all linear subspaces of Pn that induce a
Galois morphism for an embedding of P1 into Pn, thereby answering a question
asked by Yoshihara in his list of open problems [Yos18]. This question was
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already addressed by Yoshihara himself for n = 3 in [Yos06, Prop. 4.1], and
our article can be seen as a generalization of his results to arbitrary dimension.
In the case of P1, the only embedding of P1 into Pn such that the image
is not contained in a hyperplane, modulo a linear change of coordinates, is
the Veronese embedding νn : P
1 → Pn which is always Galois as we will see.
Given a linear projection πW : P
n
99K P1 with center W , one can ask about
the Galois closure of the field extension induced by π = πW ◦ νn : P
1 → P1.
The Galois group of this closure is the monodromy group of π, and is related
to several hard and interesting problems; see for example [Adr17], [Cuk99],
[GS95], [Kon17], [Mul95] and [Mul98] among many others.
By [Yos07, Theorem 2.2], an embedding of X into Pn is Galois if and only
if there exists a finite group of automorphisms G of X such that |G| = (Dn),
there exists a G-invariant linear subspace L of H0(X,OX(D)) of dimension
d+1 such that G acts on PL as the identity, and such that the linear system L
has no base points. In practice, given a group G and a G-invariant divisor D,
one must find the subspace L; this is the approach we will take in this article.
Before stating our main theorem, we define the linear subspaces we will be
working with. For a, b, c, d ∈ k we define the homogeneous linear polynomial
in the variables x0, . . . , xn
La,c :=
n∑
i=0
(
n
i
)
(−1)iaicn−ixi.
If α ∈ k and n = 2m is even, we define the polynomials
Aa,b,c,d :=
∑
i+j+l=m
(
m
i, j, l
)
(−1)i(ad+ bc)i(ab)j(cd)lxi+2l
Bαa,b,c,d :=
n∑
i=0
(
n
i
)
(−1)i(αman−ici + bn−idi)xi.
We note that the hyperplane defined by La,c only depends on the class of (a, c)
in P1 when (a, c) is non-zero, and we will therefore denote it by H[a:c]. The
linear subspace defined by Aa,b,c,d = B
α
a,b,c,d = 0 for (a, b, c, d) 6= (0, 0, 0, 0)
only depends on the class of (a, b, c, d) in P3 and on α and will be denoted by
V α[a:b:c:d].
Theorem 1.1. Let k be a field, let νn : P
1 → Pn be the Veronese embedding
of degree n ≥ 3 over k, and assume that the characteristic of k does not divide
n and that k contains a primitive nth root of unity ζn. Then we have the
following:
(1) For each ([a : c], [b : d]) ∈ (P1 × P1)\∆,
W[a:c],[b:d] := H[a:c] ∩H[b:d]
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is a Galois subspace of Pn for νn with cyclic Galois group that is con-
jugate to the group generated by [x : y] 7→ [ζnx : y]. This gives a
2-dimensional locally closed subvariety Cn of G(n− 2, n).
(2) If n = 2m is even, in addition to the previous item, for each repre-
sentative α ∈ k×/(k×)2µm(k) we have the Galois subspaces V
α
[a:b:c:d] for
[a : b : c : d] ∈ P3 and ad − bc 6= 0. Here the Galois group is the
dihedral group of order 2m and is conjugate to the group generated by
[x : y] 7→ [ζnx : y] and [x : y] 7→ [αy : x]. Thus we obtain families
Dαm which over k give a 3-dimensional locally closed subvariety Dm of
G(n− 2, n).
The above Galois subspaces are all disjoint from νn(P
1). Moreover, if n /∈
{4, 12, 24, 60}, these are the only Galois subspaces of Pn for νn disjoint from
νn(P
1).
The exceptional cases n ∈ {2, 4, 12, 24, 60} are addressed in the following
proposition:
Proposition 1.2. We have the following families of Galois subspaces disjoint
from νn(P
1):
(1) For n = 2, every element of G(0, 2)\ν2(P
1) gives a Galois subspace for
ν2(P
1).
(2) For n = 4, apart from C4, for every β ∈ k
×/(k×)2 there is a family
Kβ ⊆ G(2, 4) that corresponds to Galois subspaces whose Galois group
is the Klein four group. Over k these give a 3-dimensional locally closed
subvariety K of G(2, 4).
If, moreover, −1 is the sum of two squares in k, then:
(3) For n = 12, apart from C12 and the spaces D
α
12, there exists a 3-
dimensional family A4 ⊆ G(10, 12) corresponding to Galois subspaces
with Galois group A4.
(4) For n = 24, apart from C24 and the spaces D
α
24, there exists a 3-
dimensional family S4 ⊆ G(22, 24) corresponding to Galois subspaces
with Galois group S4.
(5) For n = 60, if 5 is a square in k, then apart from C60 and the spaces
Dα60, there exists a 3-dimensional family A5 ⊆ G(58, 60) corresponding
to Galois subspaces with Galois group A5.
The previous two results exhaust the list of possible Galois subspaces in the
case they are disjoint from νn(P
1). The case when the Galois subspace is not
disjoint from νn(P
1) will be analyzed in Section 6 where we give a complete
explicit classification of all Galois subspaces for the Veronese embedding in any
degree in the case that the base field is algebraically closed. In particular, we
show that for n ≥ 60 there are n+⌊n
2
⌋+2 disjoint families of Galois subspaces
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in G(n − 2, n), and the biggest family is of dimension n. See Table 1 for the
full classification.
2. Preliminaries
In this section we recall some classical results, along with results we will
need for Galois embeddings. Let Endn(P
1) denote the set of endomorphisms
of P1 of degree n. We see that Aut(P1) acts on Endn(P
1) via composition. Let
νn : P
1 → Pn
denote the nth Veronese embedding.
Lemma 2.1. There is a bijective correspondence between Endn(P
1)/Aut(P1)
and all linear subspaces W ∈ G(n− 2, n) such that W ∩ νn(P
1) = ∅.
Proof. Let x, y be the coordinates on P1. Then a degree n endomorphism f
is given by [p(x, y) : q(x, y)] where p and q are homogeneous polynomials of
degree n without common factors. Write
p(x, y) = a0x
n + a1x
n−1y + · · ·+ any
n
q(x, y) = b0x
n + b1x
n−1y + · · ·+ bny
n.
We then send f to the linear subspace
Wf := {a0x0 + · · ·+ anxn = b0x0 + · · ·+ bnxn = 0} ∈ G(n− 2, n).
If Wf ∩ νn(P
1) 6= ∅, then there exists [x : y] ∈ P1 such that
a0x
n + · · ·+ any
n = b0x
n + · · ·+ bny
n = 0.
This, however, implies that the polynomials p(x, y) and q(x, y) share a common
factor, and thus f is not of degree n. Therefore Wf ∩ νn(P
1) = ∅.
Now take W ∈ G(n − 2, n) such that W ∩ νn(P
1) = ∅, let L0, L1 ∈
k[x0, . . . , xn]1 be two defining equations for W , and consider the morphism
π = [L0 : L1] ◦ νn : P
1 → P1. We first note that the sections ν∗nL0, ν
∗
nL1 do not
have common roots, since that would contradict the fact thatW ∩νn(P
1) = ∅.
Secondly, these forms have degree n since νn(P
1) is of degree n in Pn. We see
that different defining equations for W differ by an action of PGL(2, k), and
this translates to composing the morphism π by an automorphism of P1. 
The following corollary is clear from the previous proof:
Corollary 2.2. The previous correspondence gives a bijection between Galois
morphisms of degree n from P1 to P1 modulo the action of Aut(P1), and Galois
subspaces of Pn for νn, disjoint from νn(P
1).
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This shows that characterizing Galois subspaces of Pn for νn is essentially
the same as characterizing Galois morphisms from P1 to itself, and therefore
the same as characterizing rational subfields of k(t) that give Galois extensions.
Let G be a finite group acting (effectively) on P1 such that its order is
not divisible by the characteristic of the ground field k. By a close study of
the Riemann-Hurwitz formula and the ramification points that may appear
for this action, one can conclude that G is either Z/nZ for any n ∈ N, the
dihedral group Dm of order 2m for any m ∈ N, A4, S4 or A5. Over the complex
numbers, these last three groups appear as the (holomorphic) automorphism
groups of the Platonic solids which can be inscribed in the Riemann sphere.
Not all of these groups always appear, however, for an arbitrary field. Indeed,
we have the following (cf. [Bea10, Prop. 1.1]) which shows the conditions that
need to be met in Proposition 1.2:
Proposition 2.3. (1) PGL(2, k) contains Z/nZ and the dihedral group Dn
if and only if k contains ζ + ζ−1 for some primitive nth root of unity
ζ.
(2) PGL(2, k) contains A4 and S4 if and only if −1 is the sum of two
squares in k.
(3) PGL(2, k) contains A5 if and only if −1 is the sum of two squares and
5 is a square in k.
By [Bea10, Theorem 4.2], two isomorphic finite groups of automorphisms
are conjugate by automorphisms of the projective line, except for G ≃ Z/2Z,
G the Klein four group, or G the dihedral group. We will look at this further
on.
Let D ∈ Div(P1) be a divisor of positive degree (which for P1 is equivalent
to being very ample), and let ϕD : P
1 → Pn be the associated embedding,
where n = deg(D). Since D is linearly equivalent to n[1 : 0], we have that ϕD
is the Veronese embedding
[x : y] 7→ [xn : xn−1y : · · · : xyn−1 : yn]
of P1 in Pn and its image is a rational normal curve. We are interested in
characterizing all Galois subspaces of this embedding, thereby answering a
question raised by Yoshihara (cf. [Yos18, (4)(b)(ii)]).
Let D =
∑r
i mi[pi : qi], and consider the rational map
fD :=
r∏
i
(qix− piy)
−mi.
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A trivial calculation shows that
L(D) := {h ∈ k(P1) : div(h) +D ≥ 0}
= 〈fDx
n, fDx
n−1y, . . . , fDxy
n−1, fDy
n〉
= fDH
0(P1,OP1(n))
Therefore given a finite group of automorphisms G of P1 that preserve the
divisor D, in order to find the Galois subspace of Pn associated to the group
G we must understand the action of G on L(D) by pullback. Indeed, we
are looking for a 2-dimensional subspace L ⊆ L(D) such that G acts as the
identity on PL.
In what follows we will divide our analysis according to the group that is
acting.
3. Cyclic group action
Let n ≥ 3, assume that k contains a primitive nth root of unity ζn, and
consider the order n morphism
Cn : [x : y] 7→ [ζnx : y].
By [Bea10, Theorem 4.2], we have that every cyclic subgroup of PGL(2, k) is
conjugate to 〈Cn〉. Take
M :=
(
a b
c d
)
∈ PGL(2, k).
We have that
Tn :=MCnM
−1 =
(
adζn − bc ab(1− ζn)
cd(ζn − 1) ad− bcζn
)
and Tn leaves the divisor D := n[a : c] = nM([1 : 0]) invariant. By the
previous section, we have that
L(D) = 〈fDx
n, fDx
n−1y, . . . , fDxy
n−1, fDy
n〉
where
fD = (cx− ay)
−n.
We see that
1 = (cx− ay)nfD ∈ L(D)
and is trivially invariant under the action of Tn. Notice that the automorphism
R :=
(
d −b
−c a
)
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sends [b : d] to [0 : 1] and [a : c] to [1 : 0]; moreover RTn does the same. This
implies that RTn is a multiple of R, and upon further inspection it is easy to
see that this multiple is an nth root of unity. Therefore
(dx− by)nfD ∈ L(D)
is also invariant under composition by Tn. This means that the subspace of
L(D) generated by
1 = fD
n∑
i=0
(
n
i
)
(−1)iaicn−ixn−iyi
(dx− by)nfD = fD
n∑
i=0
(
n
i
)
(−1)ibidn−ixn−iyi
is the eigenspace of Tn for the eigenvalue 1. Therefore, using the notation in
the introduction, we obtain the Galois subspaces
H[a:c],[b:d] := {La,c = Lb,d = 0}.
These are the only Galois subspaces (disjoint from νn(P
1)) with cyclic Galois
group and give a family Cn ⊆ G(n− 2, n); we will verify that the dimension of
this family is 2 in Section 5.
4. Dihedral group action
Let n = 2m ≥ 6 be even, assume that k contains a primitive nth root of
unity ζn, and set ζm := ζ
2
n. For α ∈ k
×/(k×)2µm(k) consider the morphisms
Cm : [x : y] 7→ [ζmx : y]
Iα : [x : y] 7→ [αy : x].
By [Bea10, Theorem 4.2], we have that every subgroup of PGL(2, k) isomorphic
to the dihedral group of order 2m is conjugate to 〈Cm, Iα〉 for some α, and
the conjugacy classes of the dihedral group in PGL(2, k) are parametrized by
α ∈ k×/(k×)µm(k).
Taking the same matrix
M =
(
a b
c d
)
∈ PGL(2, k)
as before, we see that
Tm =MCmM
−1 =
(
adζm − bc ab(1− ζm)
cd(ζm − 1) ad− bcζm
)
Jα := MIαM
−1 =
(
bd − αac αa2 − b2
d2 − αc2 αac− bd
)
.
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Now we take the divisor D = m[a : c] +m[b : d] which is invariant under these
two transformations. We set
fD = (cx− ay)
−m(dx− by)−m,
and use the basis {fDx
n, fDx
n−1y, . . . , fDxy
n−1, fDy
n} of L(D). Using the
same idea as the previous section, we see that
1 = (cx− ay)m(dx− by)mfD ∈ L(D)
is fixed by the action of Tm and Jα. With a little work, it is not difficult to
show that
(αm(cx− ay)n + (dx− by)n) fD
is also fixed by both transformations. Therefore after expanding, we obtain
that the group generated by Tm and Jα acts with the trivial representation on
the space generated by
fD
∑
i+j+l=m
(
m
i, j, l
)
(−1)i(ad+ bc)i(ab)j(cd)lxi+2lyi+2j
fD
n∑
i=0
(
n
i
)
(−1)i(αman−ici + bn−idi)xiyn−i.
This implies that the linear space
V α[a:b:c:d] := {Aa,b,c,d = B
α
a,b,c,d = 0}
is a Galois subspace disjoint from νn(P
1) with dihedral Galois group. This
gives a family Dαm ⊆ G(n− 2, n) whose dimension we will verify to be 3 in the
next section.
5. Exceptional cases
We will now look at the remaining cases (i.e. n ∈ {2, 4, 12, 24, 60}); assume
here that k is algebraically closed. For n = 2, each linear projection composed
with the Veronese embedding is either of degree 2 or 1, depending on whether
the center of projection is disjoint from ν2(P
1) or not. In either case, the
induced field extension is of the same degree, and is therefore Galois. Therefore
every element of G(0, 2) = P2 induces a Galois morphism.
For n ∈ {4, 12, 24, 60}, we invite the interested reader to explicitly calculate
the Galois subspaces as done above in the cyclic and dihedral cases. Although
tedious, the calculations are elementary. We will proceed to show that in
each of these cases, for the Klein four group K4, A4, S4 and A5 there is
a locally closed 3-dimensional family of Galois subspaces in the respective
Grassmannian.
We note that PGL(2, k) is 3-dimensional, and the conjugacy class of a given
subgroup G ≤ PGL(2, k) is parametrized by PGL(2, k)/NG, where NG is the
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normalizer of G. If CG is the centralizer of G in PGL(2, k), we have a natural
homomorphism ϕ : NG → Aut(G) whose kernel is CG. In particular, if G is
finite, then CG is of finite index in NG. By the table on page 27 of [Bea10],
we have that the centralizers of K4, Dn, A4, S4 and A5 in PGL(2, k) are all
finite, and therefore the normalizers are also finite. In the case of Z/nZ, the
centralizer is 1-dimensional and therefore the normalizer is as well. By [Bea10,
Theorem 4.2], since we are assuming k is algebraically closed, there is only one
conjugacy class of each of finite subgroup of PGL(2, k).
Proposition 5.1. The families Cn are 2-dimensional and the families Dm are
3-dimensional for all n,m ≥ 3. For K4, A4, S4 and A5 we obtain families
of Galois subspaces K ⊆ G(2, 4), A4 ⊆ G(10, 12), S4 ⊆ G(22, 24) and A5 ⊆
G(58, 60), respectively, that are all 3-dimensional.
This completes the proof of Theorem 1.1 and Proposition 1.2.
6. Non-disjoint Galois subspaces
For this section we will assume that k is algebraically closed. Let W ∈
G(n − 2, n) be a subspace that is not disjoint from νn(P
1). Projection from
W , restricted to νn(P
1), can give a Galois morphism as in the case of W =
{x0 = x2 = 0}.
However, we see by Lemma 2.1 and its proof that if W ∈ G(n − 2, n)
and W ∩ νn(P
1) 6= ∅, then πW νn : P
1 → P1 is of degree less than n, where
πW : P
n
99K P1 is the projection with center W . As a matter of fact, by the
same lemma, there exists a unique W˜ ∈ G(m−2, m) such that π
W˜
νm = πW νn
(modulo automorphisms of P1), where m = deg(πW νn). We therefore obtain
a morphism
Φn,m : Xn,m := {W ∈ G(n− 2, n) : deg(πW νn) = m} → G(m− 2, m).
Proposition 6.1. The fibers of Φn,m are irreducible and of dimension n−m.
In particular Φn,m is injective if and only if n = m.
Proof. Let us first calculate the dimension of the fibers. We see that the image
of Φn,m consists of those subspaces that are disjoint from νm(P
1). Indeed, we
have a map im,n : G(m − 2, m) →֒ G(n − 2, n) that takes a subspace defined
by two equations and sends it to the subspace of dimension n − 2 defined by
the same two equations; it is easy to see that Φn,mim,n is the identity on those
subspaces of G(m− 2, m) that are disjoint from νm(P
1).
In particular, if F is a general fiber of Φn,m, then
dimF = dimXn,m − 2(m− 1).
Take W ∈ Xn,m and let it be the intersection of two hyperplanes H1, H2 ∈
G(n− 1, n). Write
ν∗nH1 = p1 + · · ·+ pn
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ν∗nH2 = q1 + · · ·+ qn
where the above points are not necessarily different. Then since W ∈ Xn,m,
we have that exactly n−m of the pi (counted with multiplicity) are equal to
n−m of the qi (counted with multiplicity). We have a rational map
Symn−m(P1)× Symm(P1)× Symm(P1) 99K G(n− 2, n)
where
(D1, D2, D3) 7→ span {νn(D1 +D2)} ∩ span {νn(D1 +D3)} .
Let Yn,m be the set of all (D1, D2, D3) ∈ Sym
n−m(P1)×Symm(P1)×Symm(P1)
such that D1 +D2 6= D1 +D3 and supp(D2) ∩ supp(D3) = ∅. Then we have
a morphism
θ : Yn,m → G(n− 2, n)
whose image is Xn,m. Since the natural intersection morphism
(G(n− 1, n)×G(n− 1, n))\∆→ G(n− 2, n)
has 2-dimensional fibers, we obtain that the fibers of the map θ are 2-dimensional.
This implies that
dimXn,m = n+m− 2.
We now conclude that a general fiber of Φn,m has dimension
n+m− 2− 2(m− 1) = n−m.
A more careful analysis shows that if V ∈ G(m − 2, m) and is disjoint from
νm(P
1), and (D1, D2, D3) ∈ θ
−1Φ−1n,m(V ) is any preimage, then
Φ−1n,m(V ) = θ(Sym
n−m(P1)× {D2} × {D3})
and is therefore irreducible.

With respect to determining when an element W ∈ G(n − 2, n) that is
not disjoint from νn(P
1) gives a Galois subspace, it is clear that we have the
following:
Proposition 6.2. If W ∈ G(n−2, n) is such that deg(πW νn) = m, then W is
a Galois subspace for νn if and only if Φn,m(W ) belongs to one of the families
presented in Theorem 1.1 and Proposition 1.2.
We will define Φn,1(C1) to be the set of all W ∈ G(n− 2, n) such that πW νn
is an automorphism of P1; by the previous analysis it is easy to see that this
family is (n− 1)-dimensional.
Theorem 6.3. Table 1 gives the list of all families of Galois subspaces for
νn : P
1 → Pn.
In particular, we see that the largest family is Φ−1n,2(C2) which is n-dimensional.
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Families of Galois subspaces Dimension of families Number of families
n = 2, 3 Φ−1n,1(C1) n− 1 n
Φ−1n,k(Ck), k = 2, . . . , n n− k + 2
4 ≤ n ≤ 11 Φ−1n,1(C1) n− 1 n+ ⌊
n
2
⌋ − 1
Φ−1n,k(Ck), k = 2, . . . , n n− k + 2
Φ−1n,2k(Dk), k = 3, . . . , ⌊
n
2
⌋ n− 2k + 3
Φ−1n,4(K) n− 1
12 ≤ n ≤ 23 Φ−1n,1(C1) n− 1 n+ ⌊
n
2
⌋
Φ−1n,k(Ck), k = 2, . . . , n n− k + 2
Φ−1n,2k(Dk), k = 3, . . . , ⌊
n
2
⌋ n− 2k + 3
Φ−1n,4(K) n− 1
Φ−1n,12(A4) n− 9
24 ≤ n ≤ 59 Φ−1n,1(C1) n− 1 n + ⌊
n
2
⌋+ 1
Φ−1n,k(Ck), k = 2, . . . , n n− k + 2
Φ−1n,2k(Dk), k = 3, . . . , ⌊
n
2
⌋ n− 2k + 3
Φ−1n,4(K) n− 1
Φ−1n,12(A4) n− 9
Φ−1(S4) n− 21
n ≥ 60 Φ−1n,1(C1) n− 1 n + ⌊
n
2
⌋+ 2
Φ−1n,k(Ck), k = 2, . . . , n n− k + 2
Φ−1n,2k(Dk), k = 3, . . . , ⌊
n
2
⌋ n− 2k + 3
Φ−1n,4(K) n− 1
Φ−1n,12(A4) n− 9
Φ−1n,24(S4) n− 21
Φ−1n,60(A5) n− 57
Table 1. List of all families of Galois subspaces
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